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A two-particle Green function self-energy expansion

R LEE
Physics Department, Imperial College of Science and Technology, London SW7, UK

MS received 2 December 1971

Abstract. The two-particle self-energy operator is derived. The method is an extension of
the Kadanoff and Baym method for the one-particle self-energy operator. The self-energy
is then expanded to illustrate the similarities and differences with the one-particle case. An
example is used to study the structure of the expansion. In conclusion a brief discussion of
the one-particle method to derive the two-particle Green function is given.

1. Introduction

In certain systems the single-particle properties are not of primary interest and higher
order properties of the system give the information desired. In these cases the use of
single-particle perturbation techniques are not germane; however, they have proved
convenient because of their calculational simplicity. Thus single-particle properties
(eg single-particle energy, lifetimes, etc) have been attributed to systems which are
fundamentally collective in nature.

The extension of the single-particle self-energy operator to an n particle form is of
interest for these collective systems. The idea is to derive a self-energy operator which
is not composed entirely of single-particle functions and in this way the character
attributed to the system will not be single-particle in nature, but will describe a collective
entity.

In the first section a derivation of the two-particle self-energy operator is presented.
This derivation yields an iterative equation for the self-energy operator and it is noted
that the expansion of this equation is a functional of a set of functions. These functions
can be chosen appropriately to suit the physical conditions of the model being examined.

A discussion showing the similarities and differences of this expansion with the one-
particle expansion is then given. The special case of self-broadening of spectral lines
is used to demonstrate the specialized form of the expansion.

In § 4 the extension of this technique to the four-particle Green function is made.
The difficulties inherent in this analysis lead to the suggestion of an alternate method.
This method uses a functional differential of the two-particle self-energy operator to
generate solutions for the four-particle Green function.

The above derivations were preformed under the assumption of an initially diagonal
distribution function. In using this approximation the density matrix is assumed to be
separable at some arbitrary initial time. This assumption is explored in the next section
and new contributions which arise from a generalized initial condition are discussed.
In the conclusion, an analysis of the problems that would arise if the one-particle self-
energy operator were used to generate solutions of the two-particle Green function is
given.
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Two-particle Green function self-energy expansion 951

1.1. Temperature Green function and the correlation function

The time-correlation function method and certain types of line broadening calculations
require the evaluation of correlation functions. These functions can be generally defined
as the product of two time-dependent operators A(t), B(t'), whose times are not the same,
averaged over some equilibrium ensemble. Thus, the correlation function is defined as

CAMB(EY) (1.1.1)

where the bracket will denote the average over the grand canonical ensemble. To outline
the relationship between this correlation function and the Green function (GF) the
occupation number representation is used. Assuming that 4 and B operate in the same
subsystem and are single-particle operators this correlation function can be written

CAOBE)y = f

ap

AupBosld (OO (W51 (1.12)
yé

where A4,, denotes the matrix element of operator A between the state denoted by o
and that denoted by B. The construction and destruction operators v (£) and ,(t)
denote the construction and destruction of a particle state characterized by « at a time .
Clearly, a, B, etc can denote internal and external variables that are either continuous
or discrete.

Now this new representation of the correlation function can be used to find the
correspondence to the real-time two-particle GF, G". Then with this correspondence
made, it can be shown how %", the temperature Green function (4.%) is related by
analytic continuation to the real-time functions (Abrikosov et al 1961).

Defining the retarded real-time GF, Gh,

Grlapyd;t,0) = —i(<y, (W0 (0 40)>

— Wy OO0, (O 5(6))O() (1.1.3)
where
1 t>0
o0 = {0 t<0

the transform can be taken. Thus

+ o0
f e'GH(t) dt = Gi(w)

= —i f_ i (Y (YO s> — W sl (O 5(1)))O(8) (1.1.4)

and the transform of the second-quantized correlation function can then be defined as

1 t= _.
WOV = 5= [ e U (1.15)
Using the cyclic properties of the trace and the identity
1 + o iat
0@ = lim — | das

>0+ 2miJ_,  a—ie
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equation {1.1.4) in conjunction with (1.1.5) yields
0+ 27 o —w—1le

. TR S P ,
GYw) = lim ‘*f dw’M(l—e“””). (1.1.6)

This gives the correspondence between the transformed correlation function J(w) and
the real-time GF Gy, that is

Im Gi(w) = —3J(w)(1 —e~#2). (1.1.7)
Now from equations (1.1.6) and (1.1.7) it can be demonstrated that
I Gll
Re Gli(w) = —Pf 0 (“’) (1.1.8)

where the P denotes the principal part of the integral. This equation indicates that the
retarded function is an analytic function of the complex variable w in the upper half-
plane (this follows from the Cauchy integral representation of analytic functions whose
real and imaginary parts are related by (1.1.8)).

The function 4", which is defined by

Glafydstity) = (T (Y, ()W)
(where T, orders the imaginary times), is related to G} by
%Y afyd ; w) — analytic continuation — GR(af75; w + ie)

if w is positive.

1.2. The equation of motion for 4"

The connection has been made between the correlation function and %Y, now a method
for extracting the information in this function is necessary. In order to do this the
equation of motion for an operator C acting on a system characterized by a Hamiltonian
H,,.., will be used

s,

IEI:C [Cop’ H!otal]' (121)
Therefore

5 capyd;t t,) = 1 (<‘//¢ {ty )‘//13( 1)‘% (EW5(12))0O(, —13)

+ Y (e, Wt Wy (W (e1)>0t, — 1))

and, since theta functions have derivatives proportional to delta functions, one obtains
g“(“ﬁ“/o tity) = (TS (Ept1)s Hioal¥ (0W5(E2)))

+1id(t, — tz)(<l//;(t1)wﬁ(t1)‘py+(tz)‘//a([z)>
- <Wy+(t2)‘//a(tz)l//: (E e )D). (1.2.2)

By using commutation rules for the field operators the second term in (1.2.2) becomes

—i(<¢;(t1)¢ﬁ(t1)>daé_ <W:(t1)l//a(t1)>‘5ﬂy)5(t1 — )
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Then, defining the one-particle temperature Green function as

Guof; tity) = — KT (EW4(t0))) (1.2.3)

the equation of motion becomes
- 988783 ,62)+ (T Hurs U 0105 000D

=GB 1,)8,50(t, — t2) — G (ad; t1)d5,0(t, —t5). (1.2.4)

To calculate the equation of motion the H,,,, must be specified. For simplicity a
two-component system will be used; although all of what follows can be tediously
extended to any number of components. The two components will be labelled by A
and B with A’s subsystem being represented by the operators ¥ *, y and B’s subsystem
being represented by ¢*, ¢. Both components will have internal states and all the
interactions will be present. Thus

Hya = HA+ Hy+ VAR £ VAA L VBB L AL B (1.2.5)

where H° represents the free Hamiltonian and V2B is the interaction potential of the
superscripted subsystems. Note that the V34) has been added and that it is a fictitious
potential which acts only on the B(A) subsystem. This is a purely formal device and
when the limit VB4 - 0 is taken the 4% returns to its usual definition.

Using the occupation number representation of H,,,, the commutator of (1.2.4)
yields, if VA4 is symmetrized

N,
15 tH alo)—H 2(/3)) GaalaByd;tyty)

fd3V W(3By0: t,t,)— fdsv I (@398 1,2,)
- f 1238 &\ (63512; 11,1, f 123748 @ (383512; 10,1,

fd123Vm, ML s(3ByS12;t,t,t, fd123V§}323g}&B(a3y512;tltztl)

= Ga(B; 11)0(t; — 12)3(e— 8) = G203 1,)d(t, — 1,)0(y — ). (1.2.6)

In this equation no assumptions have been made on the form of any of the potentials
and the new temperature 4% is a three-particle function defined by

GAB@Byd12; 1 t,t,) = KT, (t)7 (¢t Wy (e 5t W st2)>. (1.2.7)

The two-particle self-energy operator is introduced by redefining the terms which
contain the high order Green functions. This step will help avoid the usual hierarchy
of equations that would be obtained if the solution for 4™ is attempted by another
equation of motion.

Thus, defining the self-energy operator by

—ip
f d3dd dey 32, (B34; 1,1,)9, (3478 ; tot,) = f d124VA8, Y, (498125 1,1,1,)
4]
(1.2.8)
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with three others of similar form, gives a new equation of motion. Thus
i .
la+Hﬁ(a)—H2(ﬁ))gﬂA(aﬁ’/0; tits)+ fd3 V3 Gaa(3By0; 1115)
- fd3 Vi Gaaladyd;tit,) + J d3dddey T (aB34;t,13)8N (3475 15t,)

= Ga(B; 1)t —12)0,5— Fa(ad;1)d(t, — £2)0,- (1.2.9)

Here the X, is the sum of all the self-energy operators of the type in (1.2.8). Hence,
the left hand side is entirely dependent on 44, which is precisely the situation desired.
The only quantity to be determined is Z,,,,, ; now a method will be introduced to generate
solutions for this self-energy operator.

1.3. The iterative equation for the self-energy operator

Now the problem is to find a form for the self-energy operator that yields a well defined
expansion. For simplicity the derivation of the self-energy equation will be carried out
for only the one X in equation (1.2.8). The derivation for all the self-energy operators
is similar ; the differences will be pointed out as the derivation proceeds.

The first step in the derivation is to rewrite the %" using the functional derivative
(see Appendix). This gives
Ga(12;1,)—

Gaaa@fyd12;1,1,1,) = —i G (@Byd:tyty). (13.1)

o )

—ip
f d3d4 dey 22, (2B34;t,15)G5 (3470 t51,)
4]

0
|G A(BByS; 1yt ,). 132
5V?2(I1)) AA( By s b1 2) ( )

To solve this equation for £3, a matrix inverse of 44, is defined. This definition
is purely formal and the inverse will eventually be eliminated.

(dlzwma (%(12; 1) —

i
J d3 d4 dr, G A(0f34; 1163)F %R (7034 1,583) = 6,,05,0(t, —15).  (1.3.3)
0

Operating on the right of equation (1.3.2) with %%,*(56y5;t,t,) and integrating
over 5, 6 and t, yields

520 4B75; tats) = i fdldzvma L(125 1060, — 12)555

—ip
- f A(1-5) dts VA%, 90,3645 1,15)
0

0
SV aAty )

Here the fact that the functional derivative of equation (1.3.3) is equal to zero was used,
and the convention that the indices «fy6 are not variable is introduced.

GU= 1545 1,15). (13.4)
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The only term in (1.3.4) which is not known is the functional derivative of the
inverse 4. This can now be expressed in terms of the self-energy operators so that
the expansion will be closed in the self-energy operator.

Returning to the equation of motion (1.2.9)and operating with the appropriate inverse
yields

5
i=—+ H(@) — H(B)|92,8550(t, = t2) + V1,{01)0550(t, — 1)
1
— Vult )00ty — 1) + Zuouar (B3 £115) = G~ (0Bt £5,) (n(B) — ().
(1.3.5)

Here the inhomogeneous term has been evaluated according to the condition that the
subsystems are initially unperturbed. The n(x) represents the occupation number of
the state denoted by the label & (DeBoer and Uhlenbeck 1965). This approximation will
be discussed in § 5. Hence the functional derivative of this equation produces

0 Zyorar (@705 24t3)

0p50140240(8y —3)0(t; —13) — 0,40 150,50(8; —13)0(¢; —15) + SV 1a(ts)

_ 594x 0pe: 1at)
8V 1,(t3)

(n(B)— n()). (1.3.6)

So that
22, (afyd; L ty) = —1Jd1 d2Vy12ag‘(12 t1)0(ty —15)85

%{A(lﬁéz st1ts)

__ ZVAA
f‘“ Vo™ 0 Zn)

oty —t,)

152
+ [aram” (( 0l g, -1
- I (3845 1,1,)
—fo d(1- 5)dt3V312aW

0

X 57y B (4579 1203, (137)

This is the equation of interest. The first terms on the right hand side and the last term
compose the self-energy operator for the interactions V2B, Thus

(dﬂ’ya t tz = "]f dl sz}’IZagI(lz;Il)é(tl_tz)éﬂﬁ

- g0, (3645;1,13)
— d(1-5)dt, V2 au
J-o ) 3V 312 n(s)_n(4)

)

X X 00a1 (45705 £525). 1.3.8
5V]132(t1) total (4570 ; L2t 3) ( )

The difference in the two is the exclusion of the second and third terms in (1.3.7).
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2. The self-energy contributions

Now that the equations for the self-energy operators have been derived some general
properties of these equations can be studied. This is most easily done by examining
equations (1.3.7) and (1.3.8).

First it is obvious that in the event that interactions were not present in the system
X o1 Would be identically zero. This gives rise to the noninteracting two-particle Green
function, not the product of two single-particle Green functions. The difference between
the ¥ and 4'¢" is important because it is an indication of the difference between the
usual graphical expansions (Ross 1966) of the two-particle Green function and the
method used here. For in most graphical expansions the quantity of interest is the
single-particle Green function and its self-energy operator, which modifies the single-
particle properties of the system.

The initial term of the self-energy equation is a Hartree-type term. It can be repre-
sented graphically as

&

»

where the broken line is the interaction and the full line is a single-particle Green function.
The squares are the delta functions of the states in (1.3.7) and (1.3.8). This term is local
in space and therefore will affect only one of the two members of the two-particle
function. There are four of these terms in X,,,,,, two for each of the interactions possible.

In equation (1.3.7), the self-energy equation arising from the interaction V** con-
tains an additional term. In the case of a one-particle Green function and its self-energy
operator, this contribution would be the exchange part of the Hartree-Fock approxima-
tion. In the two-particle case this ‘exchange’ contribution appears not as a V**G}, but
asa VAAGY,. Obviously this exchange term is the only structural difference between the
identical and nonidentical particle self-energy expansions, (1.3.7) and (1.3.8) respectively.
Moreover, if I, were iterated repeatedly these two contributions arising from the
two subsystems A and B would mix. However, the contributions arising from the
exchange term (VA4GY,) would not mix with the Hartree or direct terms.

Upon a single iteration the terms of the Hartree type yield in a matrix notation

T ~ yvgligh (2.2)

These are now analysed by treating different subsystems separately. In the case of the
B subsystems perturbations (2.2) becomes

VABpABgL Gy (2.3)
This represents a generalization of the usual Born approximation defined in the one-
particle case by

yAByABgl g gl (2.4)

This form also arises when the Hartree terms from subsystem A are iterated. In the
two-particle self-energy operator these terms are not constrained to the case where the
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%" is approximated by two single-particle Green functions. Indeed, if this were the case
the usefulness of this two-particle technique would be restricted.

The substitution of the second term in equation (1.3.7) into the functional derivative
SZ/8VA leads to an integral containing a three-particle function. This is not present
in the first iteration of the self-energy operators of the B subsystem. This exchange term
can be cast into the form of the generalized Born approximation by writing the three-
particle function to lowest order in 4". This is done by using the relationship

OGUA@Byd; 111) f‘“‘
ML L it L de, dt. d(1-4)%Y , (aB34; 1,t,)
5V?2(t3) 0 4 5 ( ) AA( .B 14
5(9"‘1(3412 t4l5)

Via(ts)

Gh (812 t,t5). (2.5)

Examining the functional derivative of the inverse given in equation (1.3.6), the lowest
order contribution to §4"/6V using %" as an expansion parameter is

5(5/3/5 s 1ata) Jd% (@B23; t,1)%0 (5513 1,t5) (2.6)
12

yielding for the self-energy
yAspasgll gl gl . 2.7

This along with the Hartree iterations form the first Born approximation for the
A subsystem.

In the discussion above no reference was made to the dependence of the two-particle
Green functions on the potentials. In fact the self-energy operator is being expanded
as a functional of more than the coupling constant. Indeed, for the cases in which the
B subsystem’s perturbations of A are considered, the mutual interactions of the particles
in B are not in any way affected by the expansion techniques. This can be an important
point if different situations prevail in the two systems. In particular, it is not necessary
to specify an approximation for the particles in B before a calculation is carried out for
the A subsystem. This is not the case in some graphical techniques. For in these graphi-
cal techniques the approximation for the B subsystem precedes the necessary calcula-
tions, and subsequent corrections require a completely new calculation.

The technique derived in this paper also allows freedom in choosing the expansion
parameters. The choice of the 4" and the coupling constant, as is done above, is not
the only possibility. The higher order Green functions could be used to generate an
expansion in terms of the fluctuations. Also, the use of the coupling constant and the
noninteracting two-particle 4% will allow the comparison of this procedure with the
usual coupling constant expansions.

3. Comment on the structure of £,

An interesting point arises from the structure of the self-energy expansion in the case
where only one species of particles is present. In this case the direct and exchange terms
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are distinct and to third order in the two-particle Green function they are not mixed.
(Mixing of these two contributions would not occur at all if the higher order Green
functions were chosen as the expansion parameters. However, by choosing the two-
particle function an extra term 6%/6V* is introduced (see equations (2.5) and (1.3.6)).)

This situation is relevant to the self-broadening of spectral lines. Here the two-
particle Green function can be related to the dipole—dipole correlation function and its
solution provides the lineshape profile. In the literature Ben-Rueven (1966) and Di
Giacomo (1965) have formulated theories for perturbations of a spectral emitter (absor-
ber). In both papers the assertation has been made that by symmetrizing the potentials
a foreign gas broadening formulation will properly describe self-broadening.

More recently Bezzerides (1967) has formulated a theory of self-broadening that
included both exchange and direct interactions. There a formalism is developed for the
use of a T matrix approximation. Both direct and exchange contributions are mixed
at the outset by the use of a symmetrized T matrix (Kadanoff and Baym 1961 and 1962).

Bezzerides discusses contributions to the two-particle Green function which are
valid only to third order in %%, in the self-energy operator. However, these contributions
are of the same graphical form as those that would arise if a foreign gas were perturbing
the emitter (Ross 1966). Moreover, if the foreign gas particles had an energy level that
was degenerate with the excited level of the emitter the contributions arising from
Bezzerides ‘exchange’ scattering could prove dominant. Hence, this type of ‘exchange’
does not intrinsically depend on the statistics of the particles.

This pathological example is used to illustrate that the formalism employed by
Bezzerides does not correctly deal with the distinguishability of the particles. Indeed,
in this example the self- and foreign-broadening would differ only by symmetrizations
of the functions concerned.

Now examining the structure of the self-energy operator a completely distinct set
of terms arising from self-broadening is found. This set of terms implies that the exchange
contributions are quite distinct from those connected with direct interactions. The
fact that the two-particle Green function is of interest complicates the seemingly simple
task of accounting for the exchange process. That is, in the case of a one-particle Green
function to first order in the potential the proper symmetrization of the potential cor-
rectly changes the Hartree approximation to the Hartree-Fock (Kadanoff and Baym
1962). However, the self-energy operator for the two-particle function gives rise to
exchange terms that are of the form VA2 %4, . Hence no possible symmetrization could
be used to obtain this term from the Hartree term VA2 &), .

Therefore, the broadening due to identical particles will be different than that due to
foreign gases and this distinction formally exists no matter what the character of the
system of interest, that is, density, temperature etc.

4. The four-particle Green function

The interesting correlation functions are not always the two-particle type. The reason
that the two-particle Green function is examined above is that single-particle operators
make up the correlation function. If, however, the correlation function under inspection
were composed of two-particle operators, the four-particle Green function would be of
interest. Illustrating the self-energy expansion technique for the four-particle Green
function will serve to expose some of the difficulties in generalizing these techniques
further.
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The equation of motion for the system of identical particles with an interaction
potential VAA is

1—‘3— GV[o, 1] = f d5(Hsp 9" (Says; 11+ Hs, 9™ (5879; 1]
1
—H;s 9™ (ByS; 11— H,s 9"V («Bd5; 1))
+ j d567(V;s679 (02935 1]+ Vg, % (0567705 1]

— Vs,6:8¥(@B5667; 1]~ Vs, 8V (567By5; 1)+ 1
(4.1.1)

where H represents the free Hamiltonian and the fictitious external potential VA,
The definitions of the Green functions are

GV(apyd; 1234;1,t,) = (T(W7 s e W1t W3 ( (W E st W3t W4(E2))>  (4.1.2a)

GV (56p7y5,1234;1,t,) = <T;(1/’y (t s 1)%} (E W1 (E 3 (E)(ty)
XYt Wt W5 ()W a(t2))) (4.1.2b)

with ofyd; t, and 1234 ;t, being denoted by [« and 1], respectively.
Now by assuming the distribution is initially diagonal I can be written as

I = 6[a, 1]{(ng + D(ns + D(n,+ 1)> + {(n,+ ) (ns+ Dn,>
=g+ Dng+ Dng) —ng + 1) (mp+ 1) (m, + 1))
= oo, 1]f (). 4.1.3)

Following the same procedure as outlined in § 1 for the two-particle case, we define
and solve for the self-energy operator. The results are, with [A = 4,B,C,D;¢

T [0 A] = i f d67V,467.8"(67 ; )8 58,0300(0, — 1)
+ [ 4ST@™($895; 6CH A 1) Wi

+%"Y(58y5; D6 BA; t,t'WVseca
—%"(58y6; DCTA; 11t )Wpgra— %"V (58y6; DCBT;t,t')Vs 474)

o

5VG( ) total[laA]

(4.1.4)

f d(1-7) dt, Vesr, B (576; 1] w0

where

Ve, 1]
f1]

and X, is defined by the equation of motion.

GV [y, 1] =
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0 = — -
l—é;—gw[a, 1 —f d5(H5ﬂ?'V(5ccy(5 17+ HSOL?]V(5/3‘))5; 1]
1
—H ;5% (0fy5; 11— H,s8"™(@ps5; 1))
+ f dA] Sy [0 ATBVIA, 1] = 6[a, 1], 4.1.5)

In equation (4.1.4) the first term is the typical Hartree term; this will arise in all
orders if the potential is a two-body operator. The next four terms are the effects of
the perturbations that occur when similar particles interact. The iterations are straight
forward and they provide results similar in structure to the two-particle self-energy
operator. It should be noted that the interpretation of these terms is made exceedingly
difficult due to the complexity of the four-particle Green function %Y.

4.1, Alternative method

An alternative method can be employed. Since a four-point {body or particle) fictitious
potential can be introduced to the two-particle Green function, a self-energy operator
that is a function of this new external potential can be derived. The derivation follows
§ 1. In matrix notation

(gg(Un)_me(Uus U1234))?“ =1

Now expanding the £,_,,, to the required approximation by using 4" as an expansion
parameter, a self-energy which is a function of ¥, ¥, U%Y, U%,, is obtained. Now
taking the limit as U4 goes to zero and functionally differentiating the resulting two-

particle Green functlon by US4, an equation for the four-particle function is obtained

(glv _ gllgll gllgll ?(;ldlgllgll y[lgpllozgtalglv (4:2)

Here a generalized chain rule for the functional derivative was used. This equation is
closed in 4", under the assumption that the two-particle Green function can be cal-
culated.

Thus, by being able to approximate a self-energy operator for the two-particle
system, solutions for the four-particle Green function can be generated. This last
approach is especially useful in the cases of higher order Green functions when intuition
will not be as helpful as in the lower order cases.

5. Initial condition

We have presented the equations of motion using a system that is not initially correlated.
This assumption is similar to the condition of initially random phases (Van Hove 1957)
and diagonality (Zwanzig 1961) used in the derivation of the master equation.

The inhomogeneous terms contain the explicit contribution of the initial state of
the system (see the left hand side of equation (1.2.9)). However, examination of the
equations of motion shows that replacing the full Hamiltonian in the density matrix
not only effects the inhomogeneous term but all the averaged quantities. To discuss
these contributions a generalized self-energy operator can be derived.
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The derivation of the equation of motion with generalized initial conditions follows
in the same way as the derivation in § 2. However, to arrive at an equation for the
self-energy operator, the inverse inhomogeneous term f ! is defined by the equation

Jdlzf‘1(1234)f(1256) = 335044

where f is the unapproximated inhomogeneous term in equation (1.2.9). With this
the equation for £3, can be written

ZRa@Byd;tity) = ZRA@fydstsy5 f(VA = 0))

if
L2, (@S gty f(VAY) = f dts d(1-4)V 45, G567 185)

1]
5£(89,34)
SVt

Here Z,(f(V* = 0)) is of the same form as £3 , of equation (1.3.7) without the diagona-
lization of f, but with VA the external potential in f'set equal to zero. The Z3,(f(V* = 0))
is also of the same form as (1.3.7); however, it is understood that this term contributes
only to the first iteration by functional differentiation of f(¥V*). With this prescription
the self-energy operator becomes separable into two parts, one which depends on the
dynamics of the system, that is £ ,(f(V* = 0)), and a part which depends on the initial
condition, the second and third terms in equation (5.1).

The separation of the expansion into these two parts can be interpreted in the
following manner. The processes which influence the %" can be split into those which
start at ¢ = 0 and those which start at later times ¢ > 0. Those which do startatt = 0
contribute directly to the second and third terms of (5.1). In the second case the ‘colli-
sional’ nature of these contributions will be described by Z2,(f(V* = 0)). Note, that
the initial condition will affect the terms in X2,(f(t® = 0)) through its functional
dependence on the initial distribution.

The choice of initial condition used in § 2 and 3 is analogous to the condition used
in the calculation of transport coefficients (eg Kadanoff and Baym 1962). Specifically,
the choice is that at some time, say ¢t > 0, the perturbations are turned on, but the
distribution at t = 0 is described by an equilibrium ensemble. With this choice equa-
tion (1.2.9) was derived. However, additional contributions will arise from the same
choice of distributions in the generalized regime. Indeed, simple calculations show
that these additional terms are not identically zero.

The problem then is to find the effects of these extra terms. Examination of the
self-energy equation shows that the terms that arise from X2 ,(f(V*)) will be of higher
order in %" than the terms of the £2,(f(V* = 0)) which were discussed above. The
contribution from the last term in equation (5.1) is not to be grouped with the ‘dynamic’
part of the solution for 4. This is checked by substituting the 2, of equation (5.1)
into the equation of motion and using the relationship (1.3.3). Then these terms will
contribute to the inhomogeneous part and act as ‘driving’ terms (Bezzerides 1969).

The only one of these new contributions that is of the same order as those discussed
in the previous sections arises from the lowest order in the inhomogeneous term correc-
tion, that is

x f£~1(8967) G 10534; 1,t5). (5.1)

__~J.%(i)n_1d[1_4]VAAgllf—lgll.
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The effect of this term can be estimated when the " are approximated by their un-
perturbed values. Then the analytic continuations provide the total inhomogeneous
term and in the case of a two-level system one obtains

Vtos (

m n(w — ) —n(w1o)) (3.2)

ey = Noy| 1=
with n(w,) = 1/(e"** —1). Where 1,0 designate the two levels with the energies w,
and w,, respectively. A calculation using a hydrogen atom with w,, being the Lyman
o transition, shows that the correction term is negligible, (ie six orders of magnitude
smaller than the original inhomogeneous term) except in a region close to the resonance
® = w,,. However, in this region the assumption of unperturbed energies, mani-
fested by using zeroth order 4", breaks down. In fact the addition of perturbations
in the " will make this term small for all frequencies. Thus the initial condition chosen
in § 2 and used in § 3 will be justified when the system is close to equilibrium. However,
these terms will not necessarily be small for all conditions. For instance, this would
be the case when the atoms in a plasma are at a temperature low compared to that of the
charged perturbers. Then the second term in equation (5.2) will give rise to the absorp-
tion (or emission) of radiation in the region of the resonance frequency.

6. Conclusion

The method examined above is useful in those cases where two-particle or higher
correlations are of primary interest. However, the method outlined in §4.2 as an
alternative to generating a four-particle Green function can be used to obtain the
two-particle Green function and this method has been used previously (Kadanoff
and Baym 1961). In this way, approximation of the single-particle self-energy operator
and the subsequent functional differentiation of the one-particle Green function yields
an equation for the two-particle Green function.

This method contains certain difficulties, essentially because the lower order one-
particle function is used to generate the two-particle function ¥" (Lee 1970). First,
the self-energy expansion when functionally differentiated contains terms which are
not consistent with a two-particle expansion. These terms can not be neglected by
introducing a different set of expansion parameters because they arise in the lowest
order. For example, in the case of subsystem B perturbing A a term %4y arises. This
introduces a new function that is not one of the original expansion parameters and
can not be expressed as a function of these original parameters. That is, ¥4 is not a
functional of ¥4, or ¥4y,

Second, the functional differentiation introduces an extraneous time variable,
and if the equation of motion is then transformed to frequency space this gives rise to
an extraneous frequency. In order to analyse the Green function an integration over
this frequency is required. The integration, however, requires the detailed knowledge of
the singularities of a function similar to (1.4.7) and this is a very difficult problem.

Therefore, when two-particle correlations are of interest this method provides a
viable approach. The use of this self-energy expansion allows the direct examination
of the two-body attributes of the system and in this way the collective effects of the
system, energy spectrum, lifetime, etc are directly calculated.

The usefulness of this two-particle self-energy expansion can be illustrated by con-
crete examples. In a following paper (Lee 1972) an application of this method will be
used to calculate the lineshape profile for spectral line-broadening in a plasma.
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Appendix 1

In this Appendix the method of functional differentiation will be examined. In order to
generate (1.3.1), the two-particle temperature Green function will be used

GRapyd;tity) = (TG (EW W p(EDY(E2))- (A1)

Now writing this in interaction representation with the fictitious potential separated
out, one obtains

TG P E e F
ggA(aﬁya; tltz) - < t(lpz ( l)wy ( Z)lp[f( 1),‘1/6( 2) (B))>
Ay
where the time dependence of the interaction representation field operators is determined
by H = HQ+H3+ VBB 4 VAA 4L VABL VB Here the imaginary time domain allows

the inclusion of all the V2 into one ¥, matrix. This matrix is given by

(A.2)

S = T,exp

i f ~ dran dzmw(t)wz(z)). (A3)
0
Varying (A.2) with respect to V* yields
OGUa(afyd;tyt,) = (<‘g)(B)>)<T W7 (t, tz)lpp(tl)‘pa(tz)»

+ (T (e 5 (204t wa(t1)55p(/}))><5p(ﬁ)> g

Evaluating the first variation on the right

1 CEHY,
5 = ) (A4)
(<y(ﬁ)>) G
and calculating 6%, one obtains
—ig
8L, = (—ifo d1d2de 1 (e WLt )8V )| L) (A.5)
Now using the fact that
SVH(ty)
= 0,,03,0(t; — t
5V§4(t2) 12Y34 ( 1 2)

the functional derivative can then be obtained. Thus

5gAA A (8055 1,2,) 1<T(a;+(t1)‘/_’+(tz)lp[s(ﬁ)‘zf-a(tz)y(p)» <T(‘1;+(t3)‘l’2(t3)y(ﬂ))>
Viats) (Lo (LG

<T(‘/’a (2 (tl)wy (t2) ‘/’ﬁ(ﬁw’z(t )‘//a(tz)yffs)»
(& '

Recalling the definitions of the various Green functions, the functional derivative
yields

5% (afyd;tqt
PO — oy 123 1) — SN 12: )

(A7)
This, when solved for ¢, gives the result desired.
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